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Abstract 

Qj \ We prove that, in a general higher derivative theory of gravity coupled to abelian gauge 



fields and neutral scalar fields, the entropy and the near horizon background of a rotating 
extremal black hole is obtained by extremizing an entropy function which depends only 
■ on the parameters labeling the near horizon background and the electric and magnetic 
charges and angular momentum carried by the black hole. If the entropy function has a 
unique extremum then this extremum must be independent of the asymptotic values of the 
moduli scalar fields and the solution exhibits attractor behaviour. If the entropy function 
has fiat directions then the near horizon background is not uniquely determined by the 
extremization equations and could depend on the asymptotic data on the moduli fields, 
but the value of the entropy is still independent of this asymptotic data. We illustrate 
these results in the context of two derivative theories of gravity in several examples. These 
include Kerr black hole, Kerr-Newman black hole, black holes in Kaluza-Klein theory, and 
black holes in toroidally compactified heterotic string theory. 
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1 Introduction and Summary 

The attractor mechanism has played an important role in recent studies of black holes in 
string theory PflEHHj- According to this the geometry and other field configurations of an 
extremal black hole near its horizon is to a large extent insensitive to the asymptotic data 
on the scalar fields of the theory. More precisely, if the theory contains a set of massless 
scalars with fiat potential — known as the moduli fields — then the black hole entropy 
and often the near horizon field configuration is independent of the asymptotic values of 
these scalar fields. 
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Although initial studies of the attractor mechanism were carried out in the context 
of spherically symmetric supersymmetric extremal black holes in supergravity theories 
in 3+1 dimensions with two derivative action, by now it has been generalized to many 
other cases. These examples include non-supersymmetric theories, actions with higher 
derivative corrections, extremal black holes in higher dimensions etc. jll El El 13 El El HTH 

[niiiaiisiiiiiiiniiiniiiaiiaiiSEniEiiEaEsiEiEniEni^ 

E3 EHl EZl EH EHl ■ in particular it has been shown that in an arbitrary theory of gravity 
coupled to abelian gauge fields, neutral scalar fields and p-form gauge fields with a gauge 
and general coordinate invariant local Lagrangian density, the entropy of a spherically 
symmetric extremal black hole remains invariant under continuous deformation of the 
asymptotic data for the moduli fields [301 EII, although occasional discrete jumps are not 
ruled out. In a generic situation the complete near horizon background is independent of 
this asymptotic data and depends only on the charges carried by the black hole, but in 
special cases (which happen to be quite generic in supersymmetric string theories) there 
may be some dependence of the near horizon background on this asymptotic data. 

Most of the studies on the attractor mechanism however have been carried out in the 
context of spherically symmetric black holes — for some exceptions see [Hl j 1 ^ IH ^ I42j . 
The goal of this paper is to remedy this situation and generalize the study of the attractor 
mechanism to rotating black hole solutions. Our starting point is an observation made in 
that the near horizon geometries of extremal Kerr and Kerr-Newman black holes have 
S0(2,l) xU(l) isometry. Armed with this observation we prove a general result that is as 
powerful as its non-rotating counterpart. In the context of 3+1 dimensional theories, our 
analysis shows that in an arbitrary theory of gravity coupled to abelian gauge fields and 
neutral scalar fields with a gauge and general coordinate invariant local Lagrangian density, 
the entropy of a rotating extremal black hole remains invariant, except for occasional 
jumps, under continuous deformation of the asymptotic data for the moduli fields if an 
extremal black hole is defined to be the one whose near horizon field configuration has 
5*0(2, 1) X U{1) isometry. In a generic situation the complete near horizon background is 
independent of this asymptotic data and depends only on the charges carried by the black 
hole, but in special cases there may be some dependence of the near horizon background 
on this asymptotic data. 

The strategy for obtaining this result, elaborated in detail in section El is to use the 
entropy function formalism |3m i31j. As in the case of non-rotating black holes we find that 
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the near horizon background of a rotating extremal black hole is obtained by extremizing a 
functional of the background fields on the horizon, and that Wald's entropy 
is given by precisely the same functional evaluated at its extremum. Thus if this functional 
has a unique extremum with no flat directions then the near horizon field configuration is 
determined completely in terms of the charges and angular momentum, with no possibility 
of any dependence on the asymptotic data on the moduli fields. On the other hand if the 
functional has flat directions so that the extremization equations do not determine the near 
horizon background completely, then there can be some dependence of this background 
on the asymptotic data, but the entropy, being equal to the value of the functional at the 
extremum, is still independent of this data. Finally, if the functional has several extrema 
at which it takes different values, then for different ranges of asymptotic values of the 
moduli fields the near horizon geometry could correspond to different extrema. In this 
case as we move in the space of asymptotic data the entropy would change discontinuously 
as we cross the boundary between two different domains of attraction, although within 
a given domain it stays fixed. As in the case of non-rotating black holes, these results 
are valid given the existence of a black hole solution with S0(2,l) xU(l) symmetric near 
horizon geometry, but our analysis by itself does not tell us whether a solution of this 
form exists. For this, one needs to carry out a more detailed analysis of the full solution 
along the lines of 

Although in this paper we focus our attention on four dimensional rotating black 
holes with horizons of spherical topology, the strategy outlined above is valid for extremal 
black holes in any dimension with horizon of any compact topology, provided we define an 
extremal black hole to be the one whose near horizon geometry has an S0(2,l) isometry. 
The analysis is also valid for extremal black holes in asymptotically anti de-Sitter space as 
long as Wald's formula for black hole entropy continues to hold. In particular the proof 
that the entropy of an extremal rotating black hole in any higher derivative theory of 
gravity does not change, except for occasional jumps, under continuous variation of the 
asymptotic values of the moduli fields is valid in this general context. All that changes 
is that when we try to explicitly solve the differential equations which arise out of the 
extremization conditions, we need to use boundary conditions which are appropriate to the 
horizon of a given topology. Equivalently if we carry out the analysis by expanding various 
functions describing the near horizon background in a complete set of basis functions, then 
we must use basis functions which are appropriate to that given topology. We should note 
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however that as we vary the asymptotic values of the moduh fields, we must hold fixed all 
the conserved charges appropriate to the particular near horizon geometry of the black 
hole. This point has been elaborated further in footnote |2l 

In section El we explore this formalism in detail in the context of an arbitrary two 
derivative theory of gravity coupled to scalar and abelian vector fields. The extremization 
conditions now reduce to a set of second order differential equations with parameters and 
boundary conditions which depend only on the charges and the angular momentum. Thus 
the only ambiguity in the solution to these differential equations arise from undetermined 
integration constants. We prove explicitly that in a generic situation all the integration 
constants are fixed once we impose the appropriate boundary conditions and smoothness 
requirement on the solutions. We also show that even in a non-generic situation where 
some of the integration constants are not fixed (and hence could depend on the asymptotic 
data on the moduli fields), the value of the entropy is independent of these undetermined 
integration constants. 

In section 0] we specialize even further to a class of black holes for which all the scalar 
fields are constant on the horizon. This, of course, happens automatically in theories 
without any scalar fields, but also happens for purely electrically charged black holes in 
theories without any FF type coupling in the Lagrangian density. In this case we can 
solve all the differential equations explicitly and determine the near horizon background 
completely, with the constant values of the scalar fields being determined by extremizing 
an effective potential — the same potential that appears in the determination of the 
attractor values in the case of non- rotating black holes We use these general results 
to compute the entropy and near horizon geometry of extremal Kerr as well as extremal 
Kerr-Newman black holes, and reproduce the known results in these cases. 

In section El we use a different strategy for testing our general results. Here we take 

some of the known extremal rotating black hole solutions in two derivative theories of 

gravity coupled to matter, and study their near horizon geometry to determine if they 

exhibit attractor behaviour. We focus on two particular classes of examples — the Kaluza- 

Klein black holes studied in |?Hll3niEni and black holes in toroidally compactified heterotic 

string theory studied in [51] (see, also, [221 for a restricted class of such black holes). ^ 

In both these examples, we find two kinds of extremal limits. One of these branches, 

-"^Both types of black holes are special cases of general black hole solutions in toroidally compactified 
heterotic string theory and, as we show, various formulae involving entropy and near horizon metric can 
be regarded as special cases of general duality invariant formulae for these quantities. 
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corresponding to the surface W in does not have an ergo-sphere and can exist only 
for angular momentum of magnitude less than a certain upper bound. We call this the 
ergo- free branch. The other branch, corresponding to the surface S in j3H], does have 
an ergo-sphere and can exist for angular momentum of magnitude larger than a certain 
lower bound. We call this the ergo-branch. On both branches the entropy turns out to be 
independent of the asymptotic values of the moduli fields, in accordance with our general 
arguments. We find however that while on the ergo-free branch the scalar and all other 
background fields at the horizon are independent of the asymptotic data on the moduli 
fields, this is not the case for the ergo-branch. Thus on the ergo-free branch we have 
the full attractor behaviour, whereas on the ergo-branch only the entropy is attracted to 
a fixed value independent of the asymptotic data. On general grounds we expect that 
once higher derivative corrections originating at tree, loop, and non-perturbative level are 
taken into account these flat directions of the entropy function will be lifted and we shall 
get a unique near horizon background even on the ergo-branch. 



2 General Analysis 

We begin by considering a general four dimensional theory of gravity coupled to a set of 
abelian gauge fields and neutral scalar fields {(ps} with action 

S = I d^x ^- detgC, (2.1) 

where \/— det g C is the lagrangian density, expressed as a function of the metric g^^,, 
the scalar fields the gauge field strengths = d^A^^^ — duA^^\ and covariant 

derivatives of these fields. In general C will contain terms with more than two derivatives. 
We consider a rotating extremal black hole solution whose near horizon geometry has 
the symmetries of AdS2 x S^. The most general field configuration consistent with the 
5*0(2, 1) X f/(l) symmetry of AdS2 x is of the form: 

ds^ = g^Ax^'dx" = vi{e) (^-r^dt^ + ^ j + (3^ dO^ + (3^ V2{e){d(f) - ardtf 

^ F'^^dx^' A dx^ = (cj - ahi{e))dr Adt + dehi{d)dd A (# - ardt) , (2.2) 

where a, [3 and Cj are constants, and fi, W2, Us and hi are functions of 6. Here (/) is a 
periodic coordinate with period 2ti and 9 takes value in the range < < vr. The S0(2,l) 
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isometry of AdS2 is generated by the Killing vectors 

Li = dt, Lo=tdt-rdr, L^i = il/2){l/r^ + f)dt-itr)dr + {a/r)d^. (2.3) 

The form of the metric given in ()2.2|) implies that the black hole has zero temperature. 

We shall assume that the deformed horizon, labelled by the coordinates 6 and 0, is a 
smooth deformation of the sphere.^ This requires 

V2{e) = e^ + o{e^) for^-o 

= {-K - ef + 0{{-n - eY) for^-TT. (2.4) 

For the configuration given in ()2.2j) the magnetic charge associated with the ith gauge 
field is given by 

Pi = j ded<i>F^} = 27r(6,(7r) - 6,(0)) . (2.5) 

Since an additive constant in hi can be absorbed into the parameters e,, we can set 
6i(0) = — Pi I At:. This, together with ()2.5|1 . now gives 

M0) = -£, &.(-) = £. (2.6) 

Requiring that the gauge field strength is smooth at the north and the south poles we get 

h,{e) = -^ + 0{e^) for^~0 

4:71 

= H + o{{n-ey) for^-TT. (2.7) 
47r 

Finally requiring that the near horizon scalar fields are smooth at the poles gives 

u,{e) = Us{0) + O{e^) for 0^0 

= Us{7r) + 0{{7i - ef) for^-TT. (2.8) 

^Although in two derivative theories the horizon of a four dimensional black hole is known to have 
spherical topology, once higher derivative terms are added to the action there may be other possibilities. 
Our analysis can be easily generalized to the case where the horizon has the topology of a torus rather 
than a sphere. All we need is to take the 9 coordinate to be a periodic variable with period 27r and 
expand the various functions in the basis of periodic functions of 6. However if the near horizon geometry 
is invariant under both and 6 translations, then in the expression for L_i given in l|2.3|l we could 
add a term of the form —{j/r)dg, and the entropy could have an additional dependence on the charge 
conjugate to the variable 7. This represents the Noether charge associated with 6 translation, but does 
not correspond to a physical charge from the point of view of the asymptotic observer since the full 
solution is not invariant under translation. 



7 



Note that the smoothness of the background requires the Taylor series expansion around 
6* = 0, vr to contain only even powers of 9 and (vr — 9) respectively. 

A simple way to see the 5*0(2,1) x f/(l) symmetry of the configuration ()2.2|1 is as 
follows. The f/(l) transformation acts as a translation of (j) and is clearly a symmetry of 
this configuration. In order to see the SO (2,1) symmetry of this background we regard 
as a compact direction and interprete this as a theory in three dimensions labelled by 
coordinates {x'^} = {r,9,t) with metric gmn, vectors a^^ and am (coming from the (p-m 
component of the metric) and scalar fields ^g, ip = g^^ and Xi = ^Ip^ ■ If we denote by 
/^^ and fmn the field strengths associated with the three dimensional gauge fields 
and Qm respectively, then the background ()2.2|1 can be interpreted as the following three 
dimensional background: 

ds = gmndx"'dx'' = vi{9) -r^dt" + ^] + 1^^ d9^ 
^s = Us{9), ^/j = (3^v2{9), Xi = bi{0), 

I fmidx"" A dx"" = eidrA dt, ^ Undx'^ A dx" = -adr A dt . (2.9) 

The (r, t) coordinates now describe an AdS2 space and this background is manifestly 
5*0(2, 1) invariant. In this description the Killing vectors take the standard form 

Li = dt, Lo = tdt-rdr, L^i = il/2){l/r^ + t'')dt-itr)dr. (2.10) 

Eq. ()2.9p and hence ()2.2|) describes the most general field configuration consistent with 
the 5*0(2, 1) X f/(l) symmetry. Thus in order to derive the equations of motion we can 
evaluate the action on this background and then extremize the resulting expression with 
respect to the parameters labelling the background ()2.2j) . The only exception to this are 
the parameters Cj and a labelling the field strengths. The variation of the action with 
respect to these parameters do not vanish, but give the corresponding conserved electric 
charges and the angular momentum J (which can be regarded as the electric charge 
associated with the three dimensional gauge field a^-) 

To implement this procedure we define: 

/[a, f3, e, Vi{9),V2{9),u{9), b{9)] = J d9d(j)^- det gC . (2.11) 
Note that / is a function of a, /3, Cj and a functional of Vi{9), V2{9), Us{9) and bi{9). The 
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equations of motion now correspond to'^ 

^/ _ 7 _ n - '^^ - n '^^ - n '^^ - n '^^ - n 

(2.12) 

Equivalently, if we define: 

£[J, g, «, A e, mW, = 27r(j« + g--e -/[«,/?, e,T;i(^^ , 

(2.13) 

then the equations of motion take the form: 

^ = ^ = ^ = ^ = ^ = ^ = ^ = 

da '813 ' de, ' 5vi{9) ' 5v2{e) ' 5us{9) ' 56^(0) 

(2.14) 

These equations are subject to the boundary conditions ()2.4|) . ()2.7p . ()2.8|) . For for- 
mal arguments it will be useful to express the various functions of 9 appearing here by 
expanding them as a linear combination of appropriate basis states which make the con- 
straints ()2.4p . ()2.7p manifest, and then varying £ with respect to the coefficients appearing 
in this expansion. The natural functions in terms of which we can expand an arbitrary 
0- independent function on a sphere are the Legendre polynomials Pi{cos6). We take 

oo oo 

v^{9) =J2Ml)Piicose), V2ie) = sm^ e + sm^ eJ2v2{l) PiicosO) , 

1=0 1=0 

Us{0) = E^^(0 PiicosO) , hm = cos^ + sm^dY^hil) Plicosd) . 

1=0 1=0 



(2.15) 

This expansion explicitly implements the constraints ()2.4|) . ()2.7|) and ()2.8|) . Substituting 
this into ()2.13|) gives £^ as a function of J, qi, a, (3, e^, vi{l), V2{1), Us{l) and bi{l). Thus 
the equations ()2.14|1 may now be reexpressed as 

dS__ dS 88 _ 

(2.16) 

Let us now turn to the analysis of the entropy associated with this black hole. For 
this it will be most convenient to regard this configuration as a two dimensional extremal 
black hole by regarding the 9 and directions as compact. In this interpretation the 



^Our definition of the angular momentum differs fi'om the standard one by a — sign. 
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zero mode of the metric gap given in ()2.9|) . with = r,t, is interpreted as the two 
dimensional metric hai3- 

1 

hai3 = 7; d9sm9gai3, (2.17) 
2 Jo 

whereas all the non-zero modes of ga/B are interpreted as massive symmetric rank two 
tensor fields. This gives 

hapdx^dx^ = vi{-r^dt^ + dr^/r^) , vi = vi{0) . (2.18) 

Thus the near horizon configuration, regarded from two dimensions, involves AdS2 metric, 
accompanied by background electric fields fj^^ and fa/B, a set of massless and massive scalar 
fields originating from the fields Us{0), V2{0) and bi{6), and a set of massive symmetric 
rank two tensor fields originating from Vi{6). According to the general results derived in 
1^ 031 EHl EZl ; the entropy of this black hole is given by: 

(55(2) 

Sbh = -Stt — 7^ y-hrr hu , (2.19) 



Wtrt 



(2) 

where R^p^s is the two dimensional Riemann tensor associated with the metric ha/B, and 
5(2) is the general coordinate invariant action of this two dimensional field theory. In 
taking the functional derivative with respect to Raises in ()2.19p we need to express all 
multiple covariant derivatives in terms of symmetrized covariant derivatives and the Rie- 
mann tensor, and then regard the components of the Riemann tensor as independent 
variables. 

We now note that for this two dimensional configuration that we have, the electric field 
strengths f^^ and fap are proportional to the volume form on AdS2, the scalar fields are 
constants and the tensor fields are proportional to the AdS2 metric. Thus the covariant 
derivatives of all gauge and generally covariant tensors which one can construct out of 
these two dimensional fields vanish. In this case ()2.19|) simplifies to: 



Sbh = -Stt V- det h ^ \J -Kr hu (2.20) 

dRrtrt 

where y/— det h C^"^^ is the two dimensional Lagrangian density, related to the four dimen- 
sional Lagrangian density via the formula: 

V- det h C^^^ = J dOdcj)^- detgC. (2.21) 
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Also while computing ()2.20j) we set to zero all terms in C^"^^ which involve covariant 
derivatives of the Riemann tensor and other gauge and general coordinate covariant com- 
binations of fields. 

We can now proceed in a manner identical to that in (SUl to show that the right hand 
side of (j2.2Uj) is the entropy function at its extremum. First of all from (|2.18|) it follows 
that 

RHrt = Vl = ^-hrrhtt. (2.22) 

Using this we can express ()2.20|1 as 



= -Stt V- det h ^Rl Jrt ■ (2.23) 

Let us denote by C^^^ a deformation of C^"^^ in which we replace all factors of R^ap-yS 
a, (3,'y,6 = r,t by XR^^p^^, and define 

/f = v/^ditl£f , (2.24) 



evaluated on the near horizon geometry. Then 

p(2) 



X-^ = ^/^MlR%—^ = 4 ^^MR'-^,—^ . (2.25) 



Using this ()2.23|) may be rewritten as 

Sbh = — 27rA 



dX 

Let us now consider the effect of the scaling 



A=l 



(2.26) 



A — >■ sA, ej set, a —>■ sa, vi{l) svi{l) for < / < oo , (2.27) 

under which XR^^g^^ ^'^ ■^Ral-yS- Now since C^'^^ does not involve any explicit covariant 
derivatives, all indices of h°''^ must contract with the indices in fajj, Ral^s or the 
indices of the rank two symmetric tensor fields whose near horizon values are given by 
the parameters Vi{l). From this and the definition of the parameters Cj, Vi{l), and a it 
follows that C^^^ remains invariant under this scaling, and hence f^^ transforms to sf^\ 
with the overall factor of s coming from the y/— det h factor in the definition oi . Thus 
we have: 
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Now it follows from ^IJ^ . ^TH^ and ^271^ that 

f[a,f3,e,v,{e),V2{e),uie)A0)] = fZi- (2.29) 
Thus the extremization equations ()2.12|) implies that 

^^'^ ^ = J, |C = 0, atA = l. (2.30) 



dci ' da ' dvi{l) 



Hence setting A = 1 in p.28|l we get 
A 



dX 



= -Ciq^-Ja + fSli = -eiQi - Ja + f[a, P,e,viie),V2i9),ui9),bi9)] . (2.31) 

A=l 

Eqs. (j2.26|) and the definition (|2.13|) of the entropy function now gives 

Sbh = S (2.32) 

at its extremum. 

Using the fact that the black hole entropy is equal to the value of the entropy function 
at its extremum, we can derive some useful results following the analysis of [301 E]- If the 
entropy function has a unique extremum with no fiat directions then the extremization 
equations (j2.16|) determine the near horizon field configuration completely and the entropy 
as well as the near horizon field configuration is independent of the asymptotic moduli 
since the entropy function depends only on the near horizon quantities. On the other 
hand if the entropy function has flat directions then the extremization equations do not 
determine all the near horizon parameters, and these undetermined parameters could 
depend on the asymptotic values of the moduli fields. However even in this case the 
entropy, being independent of the fiat directions, will be independent of the asymptotic 
values of the moduli fields. 

Although expanding various ^-dependent functions in the basis of Legendre polynomi- 
als is useful for general argument leading to attractor behaviour, for practical computation 
it is often more convenient to directly solve the differential equation in 6. For this we 
shall need to carefully take into account the effect of the boundary terms. We shall see 
this while studying explicit examples. 
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3 Extremal Rotating Black Hole in General Two Deriva- 
tive Theory 

We now consider a four dimensional theory of gravity coupled to a set of scalar fields 
and gauge fields A^^^ with a general two derivative action of the form:^ 

S = J d^x ^- detgC, (3.1) 

(3.2) 



where e^'^'"^ is the totally anti-symmetric symbol with e = 1 and hrs, fij and fij are 
fixed functions of the scalar fields We use the following ansatz for the near horizon 

configuration of the scalar and gauge fields^ 

ds^ = n{dfe^'^'^'\-r^de + dr^/r^ + ^Hd^) + e-^^^'\d<P - ardtf 

^F^Jdx^ A dx" = {ei - ab,{e))dr A dt + debi{e)de A (# - ardt) , (3.3) 
with < (p < 27r, < 6 < n. Regularity at 6* = and 6 = tt requires that 

(](^)eV'(«) _^ constant as ^ ^ 0, tt , (3.4) 



and 



This gives 



pn{9)e^^^'^hm9 ^ 1 as9^0,n. (3.5) 



Q{e) ^ ao sin 6, e'^(^) ^ ^= -, as ^ ^ 0, 

Vpao sin 9 

n{9)^a^sm9, e^^^^ ^ ^=1 -, as ^ ^ tt , (3.6) 

V pOtt sin 9 

where ao and a-j^ are arbitrary constants. In the next two sections we shall describe 
examples of rotating extremal black holes in various two derivative theories of gravity 
with near horizon geometry of the form described above. However none of these black 



''in the rest of the paper we shaU be using the normahzation of the Einstein- Hilbert term as given in 
ea. H;-{.2|l . This corresponds to choosing the Newton's constant Gat to be I/IGtt. 
^This is related to the ansatz H2.2|l by a reparametrization of the 6 coordinate. 



13 



holes will be supersymmetric even though many of them will be found in supersymmetric 
theories. 

Using (ISSI), dSini) and (jlSI) we get 

8 = 2n{Ja + q- e — J dOdcj)^ — det g C) 



de 



2nJa + 2-nq- e- An'^ J 
+^a^Q{9)-'(3e-^^^'^ - r^n{9)Ks{m)<{d)u'X9) + 4^^,(^I(^))(e, - ah{9))h'^{9) 
+2j\^{m) {m0r'e-'^'^'\e, - «6,(^))(e, - ab^{9)) - f3-'Q{9)e'^'-%mb-{0)} 



•^^0^2^2m sin 9{^'{9) + 2Q'{9)/Q{9))] . (3.7) 



0=0 



The boundary terms in the last line of ()3.7p arise from integration by parts in / ^/'^^BtgC. 
Eq. (j3.7j) has the property that under a variation of Q for which 5Q/Q does not vanish 
at the boundary and/or a variation of ip for which 6ip does not vanish at the boundary, 
the boundary terms in 6S cancel if ()3.6p is satisfied. This ensures that once the S is 
extremized under variations of and Q for which 6tp and 6Q vanish at the boundary, it is 
also extremized with respect to the constants and a^^ appearing in ()3.6|) which changes 
the boundary values of Q and ip. Also due to this property we can now extremize the 
entropy function with respect to (3 without worrying about the constraint ()3.5p since the 
additional term that comes from the compensating variation in Q and/or ip will vanish 
due to Q and/or ip equations of motion. 

The equations of motion of various fields may now be obtained by extremizing the en- 
tropy function S with respect to the functions ^l{9), ip{9), Us{9), bi{9) and the parameters 
Ci, a, (3 labelling the near horizon geometry. This gives 

-4(3-'n"{9)/n{9) + 2p-\n'{9)/n{9)f -2(3- 2(3-\i)'{9)f - ]^a^n{9)-^[3e-^'^^'^ 

+2f-,{m) {-(3m''e-'^'^'\e, - abi{9)){e, - ab,{9)) - p-'e'^^'^b\{9m9)} 

= 0, (3.8) 

A(3-^n{9)f'{9)+Al3-^n'{9)^'{9) - 2a^n{9)-^l3e-^^^^^ 

+2f-,{u{9)) {-2(3Q{9)-'e-'^^'\e, - ab,{9)){e, - ab,{9)) -2f3-'n{9)e^'^'^%'^{9)b'j{9)] 
= 0, (3.9) 
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2 (rl^](^^)/^,,(M(^^))<(^^))' -/?-ifi(^)9,/ii,(M(^^))iz;(^^)<(^^) 

+Adrl,{u{9)){e^-ah{e))h'^{e) 
= 0, 



(3.10) 



-AdrMu{e))<{0){e, - = , (3.11) 

= Stt / de \h,{m)m0Ve-^^^'\e^ - ah^{e)) + h,{m)h'M , (3.12) 



J = 271 de 
Jo 



an{e)-^(5e-^^^'^ - 4/5/,,(M(0))^](^)-le-2V'W(e, _ a6,(^^))6,(^^) 



-AUm)H9)h'm 



dei{9) = 0, 



+2f,,{m) {m~'e~'^^'He, - ah{e)){e, - a6,(e)) + p-'n{e)e'^^%[ 



(3.13) 



(3.14) 



(3.15) 



Here / denotes derivative with respect to 6. The required boundary conditions, following 
from the requirement of the regularity of the solution at = 0, vr, and that the magnetic 
charge vector be p, are: 

(3.16) 



(](^)eV'W constant as ^ 0, tt , 
sin 6^1 as ^ — s> 0, TT 
'Ws(^) ^ constant as 6* — 0, vr . 
Using eqs. (|3.8|) - (j3.1ip one can show that 

i'{e) = o. 



(3.17) 
(3.18) 
(3.19) 

(3.20) 



15 



Thus I (9) is independent of 9. As a consequence of eq. ()3.14p we now have 



I{9)=0. (3.21) 

Combining eqs. ()3.8|) and ()3.21|) we get 

n" + I3'^n = 0. (3.22) 

A general solution to this equation is of the form 

n = asm{p9 + b) , (3.23) 

where a and b are integration constants. In order that Q has the behaviour given in ()3.6|) 
for 9 near and vr, and not vanish at any other value of 6', we must have 

6 = 0, P = l, (3.24) 

and hence 

Q{9)=asm9. (3.25) 

In order to analyze the rest of the equations, it will be useful to consider the Taylor 
series expansion of Ur{9) and bi{9) around 9 = 0,7i 

Ur{9) = M,(0) + ^0X'(O) + • • • 
Uri9) = M,(7r) + i(^-7r)V;(7r) + --- 

bm = 6,(0) + V6:'(o) + --- 

bi{9) = 6,(7r) + ^(0-vr)26'/(7r) + ---, (3.26) 

where we have made use of ()2.7|) . ()2.8|) . We now substitute ()3.26|) into ()3.11|1 and study 
the equation near ^ = by expanding the left hand side of the equation in powers of 9 
and using the boundary conditions ()3.6|) . Only odd powers of 9 are non-zero. The first 
non-trivial equation, appearing as the coefficient of the order 9 term, involves 6j(0), b'-{0) 
and b""{0) and can be used to determine &'/"(0) in terms of 6j(0) and &'/(0). Higher order 
terms determine higher derivatives of 6j at ^ = in terms of &i(0) and ^"(0). As a result 
6"(0) is not determined in terms of 6,(0) by solving the equations of motion near = 
and we can choose 6j(0) and ^"(0) as the two independent integration constants of this 
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equation. Of these bi{0) is determined directly from ()3.16|) . On the other hand for a 
given configuration of the other fields, ^^'(O) is also determined from ()3.1(ij) indirectly by 
requiring that bi^ir) be Pi/4:Tr. Thus we expect that generically the integration constants 
associated with the solutions to eqs. ()3.1H) are fixed by the boundary conditions ()3.16|) . 

Let us now analyze eqs. (j3.1(J|) and (j3.21|) together, - eq. (j3.9p holds automatically when 
the other equations are satisfied. For this it will be useful to introduce a new variable 

e 

T = In tan - , (3.27) 

satisfying 

As 6 varies from to tt, r varies from — oo to oo. We denote by ■ derivative with respect 
to r and rewrite eqs. ()3.1()j) and ()3.2H1 in this variable. This gives 

2a?{hrs{u)Us)' — a'^dthrs{u)utUs + ^cidrfij{u){ei — abi)bj 

+2drfijiu) {e-^'^ici - abi){ej - ab^) - a^e^Hibj] = , (3.29) 

and 

-2a^+2a^^+^a^e-^^Whrs{u)urUs+2fij{u) {e"2^(ei - abi){ej - abj) + a'^e^'^bibj} = . 

(3.30) 

If we denote by m the number of scalars then we have a set of m second order differential 
equations and one first order differential equation, giving altogether 2m + 1 constants of 
integration. We want to see in a generic situation how many of these constants are fixed 
by the required boundary conditions on u and ip. We shall do this by requiring that the 
equations and the boundary conditions are consistent. Thus for example if ip, and 
{us} satisfy their required boundary conditions then we can express the equations near 
^ = (or ^ = tt) as: 

2a^{hrsUsy ^0, (3.31) 

and 

- 2a^ + a%.sUrUs + '^a^'^ ^ . (3.32) 

Here hrs are constants giving the value of hrs{u) at u = u{0) (or u = '^(vr)). Note that 
we have used the boundary conditions to set some of the terms to zero but have kept the 
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terms containing highest derivatives of ip and Ur even if they are required to vanish due 
to the boundary conditions. The general solutions to these equations near 9 = are 

Us{9) ^ Cs + VsT , tp{9) ~ C - ry^l - ^hrsVsVs ■ (3.33) 

where Cg, Vg and c are the 2m + 1 integration constants. Since r —oo as 9 ^ 0, in 
order that Us approaches a constant value Us{0) as 6' — 0, we must require all the Vg 
to vanish. On the other hand requiring that ip satisfies the boundary condition (|3.18|) 
determines c to be —\n{2^/a). This gives altogether m + 1 conditions on the (2m + 1) 
integration constants. Carrying out the same analysis near 9 = it gives another (m + 1) 
conditions among the integration constants. Thus the boundary conditions on u and ip not 
only determine all (2m + 1) integration constants of ()3.29|) . ()3.3()j) . but give an additional 
condition among the as yet unknown parameters a, a and e, entering the equations. 

This constraint, together with the remaining equations ()3.12|) and ()3.13|) . gives alto- 
gether n + 2 constraints on the n + 2 variables Cj, a and a, where n is the number of 
f/(l) gauge fields. Since generically {n + 2) equations in [n + 2) variables have only a 
discrete number of solutions we expect that generically the solution to eqs. ()3.8|) - ()3.19p 
has no continuous parameters. 

In special cases however some of the integration constants may remain undetermined, 
reflecting a family of solutions corresponding to the same set of charges. As discussed in 
section El these represent fiat directions of the entropy function and hence the entropy 
associated with all members of this family will have identical values. We shall now give a 
more direct argument to this effect. Suppose as we go from one member of the family to 
a neighbouring member, each scalar field changes to 

Uri9) -^Uri9)+5Ur{9), (3.34) 

and suppose all the other fields and parameters change in response, keeping the electric 
charges g,, magnetic charges Pi and angular momentum fixed: 

— s> + SQ, ip ^ i/j + Sip, hi hi + Shi, 

Gi Ci + Sci, a ^ a + Sa, [3-^l3 + S(3. (3.35) 

Let us calculate the resulting change in the entropy £. The changes in e,, a, /? do not 
contribute to any change in £, since dei£ = 0, da£ = and df^S = 0. The only possible 
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contributions from varying fi, ■?/', bi, Ur can come from boundary terms, since the bulk 
equations are satisfied. Varying £ subject to the equations of motion, one finds the 
following boundary terms at the poles: 



S£ 



(3.36) 



Terms involving Shi at the boundary vanish since the boundary conditions ()3.1(i|l . ()3.2(ij) 
imply that for fixed magnetic charges Sbi and b'^ must vanish at 6 = and 6 = tt. Our 
boundary conditions imply that variations of Q and ip at the poles are not independent. 
From the boundary condition ()3.5p it follows that 



5n = -2n5tp 

at 9 = 0, TT, while from ()3.6|) one can see that at the poles 

S^' = 0. 

Combining the previous two equations gives 

6n' = -2VL'5ip 
at the poles. If we vary just and ifj one finds 



(3.37) 



(3.38) 



(3.39) 



,2 n-1 



-2n-^n'6n + 2VLii)'5i) + 5{vl^' + 2^') 

0. 



61=0 



Finally, the boundary terms proportional to 5ur go like, 

5ii8 oc Vthrsu'^dus 



(3.40) 



(3.41) 



Since 17 — as ^ 0, vr, these too vanish. Thus we learn that the entropy is independent 
of any undetermined constant of integration. 

Before concluding this section we would like to note that using the equations of motion 
for various fields we can express the charges g^, the angular momentum J as well as the 
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black hole entropy, i.e. the value of the entropy function at its extremum, as boundary 
terms evaluated at 6* = and 9 = 7!-. For example using (jH.llj) we can express ()3.12j) as 



»7r 

qi = — 

a 



U,ne^% - U,{e, - ah,) 



Similarly using (j3.9|) and (j3.1H) we can express (j3.13j) as 



J = — 

a 



=0 ~ 2^ 



Finally using ()3.8j) . ()3.9j) we can express the entropy function £ given in ()3.7|1 as 



n 



0=0 



Using eq. ()3.25|) and the boundary conditions ()3.6p this gives, 



(3.42) 



(3.43) 



(3.44) 



(3.45) 



Using eqs. ()3.3|) and ()3.25|) it is easy to see that S = A/AGn where A is the area of the 
event horizon. (Note that in our conventions Gjq = I/IGtt). This is the expected result 
for theories with two derivative action. 



4 Solutions with Constant Scalars 

In this section we shall solve the equations derived in section El in special cases where 
there are no scalars or where the scalars Us{9) are constants: 



u{d) = Uq . 

In this case we can combine (|3.9|) . (j3.2ip . (j3.24|) and (j3.25p to get 

2 

sin^ e{tP" + i^')^) + sin e cos Oi;' - ^e'^^ -1 = 0. 
The unique solution to this equation subject to the boundary conditions ()3.18j) is: 

-2i,{B) 2a sin^ d 



2-(l-v^r^^) sin^^' 
We now define the coordinate ^ through the relation: 



^ = tan 



-1 



a 



a 



1 + yr 



cos 6* 



a^ 



(4.1) 



(4.2) 



(4.3) 



(4.4) 
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so that 

As ^ varies from to tt, ^ varies from —,^0 to C,o, with ,^0 given by 

^0 = - sin"^ a . (4.6) 
a 

In terms of this new coordinate C,, (jB.llj) takes the form: 



^(e, - ah{9)) + a\e, - ah{e)) = . (4.7) 
This has solution: 

{ei - ahi{d)) = Ai sin (a^ + B^) , (4.8) 



where and Bi are integration constants. These can be determined using the boundary 
condition ()3.16p : 

Pi Pi 

Ai sin(-a^o + Bi) = + a-^ , Ai sin(a^o + Bi) = - a-^ . (4.9) 

This gives 



Bi = tan ^ 



■ tan(Q;^o) = tan ^ _ 



= + ttt^^^^ttV^' = fr^ + tI^V^' • ^4.10) 

\cos^(q;4o) 167r^ sm (a4o) / \1 — a"' loTT^y 

Using ()H.42j] we now get: 

Qi = lQ7rJ2 {fiji^o) sin Bj - fij{uo) cosBj^ Aj = 16 7r ^ |/jj (uo)-^^== + fij{uo) ^| 

(4.11) 

This gives Ai, Bi and Cj in terms of a, a, uq and the charges q, p, J. 

Substituting the known solutions for Q{9), '>p{9) and hi{0) into eq. ()3.21|) and evaluating 
the left hand side of this equation at = 7r/2 we get 



aVl^^ = E Uuo)AA, cos(5,: - B,) = ^ /,,(^o) + • (4.12) 

i,j i,j ^ ^ ■' 

On the other hand ()3.43|1 gives 

J = 87raa. (4.13) 
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Since Ai, Bi and Cj are known in terms of a, a, and g, p, J, we can use fl4.12j) and 
fl4.13j) to solve for a and a in terms of mq, g, p and J. fK145|l then gives the black hole 
entropy in terms of Mq, q, p and J. The final results are: 



J ^J^ + Veff{uo,q,p)' 
a = a = ^ , (4.14) 

^j2 + K//(^o,g,pT 



57r 



and 



where 



Sbh = 2n + V.ffiuo, q,p)' , (4.15) 

1 •• 1 
Veffiuo, q,p) = —r{uo)qiqj + —fij{uo)PiPj (4.16) 

is the effective potential introduced in j4^. Here f^iuo) is the matrix inverse of fij{uo) 
and 

qi = qi-4:fijiuo)pj. (4.17) 

Finally we turn to the determination of Uq. If there are no scalars present in the theory 
then of course there are no further equations to be solved. In the presence of scalars we 
need to solve the remaining set of equations ()3.10|) . In the special case when all the fij 
and fij are independent of u these equations are satisfied by any constant u = uq. Thus 
Mo is undetermined and represent flat directions of the entropy function. However if fij 
and fij depend on u then there will be constraints on uq. First of all note that since 
the entropy must be extremized with respect to all possible deformations consistent with 
the S0{2, 1) X f/(l) symmetry, it must be extremized with respect to Uq. This in turn 
requires that uq be an extremum of V^//('Uo, g*, p) as in pi. In this case however there are 
further conditions coming from ()3.10|1 since the entropy function must also be extremized 
with respect to variations for which the scalar fields are not constant on the horizon. In 
fact in the generic situation it is almost impossible to satisfy fl3.10|) with constant u{9). 
We shall now discuss a special case where it is possible to satisfy these equations, - this 
happens for purely electrically charged black holes when there are no FF coupling in the 
theory (i.e. when fij{u) = 0).^ In this case fl4.10|) gives 

B. = ^, ^. = — r7T = ^rH' ^4.18) 

2 cos(a4o) V 1 - a 



^Clearly there are other examples with non- vanishing pi and/or fij related to this one by electric- 



magnetic duality rotation. 
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and eqs. ()4.1H) . ()4.8p give, respectively, 

A^ = («o)g„ e, = '^^~"' f^(^o)gi , (4.19) 

(cj - Q;6i(6')) = cos(aO = -^P{^o)qj cos«) 

iOTT 



1 ;.i,a„),, . (4.20) 



167r' ' 2-(l- v/r^^)sin2^ 

If following ()4.1fj|l we now define: 

Veff{u,q) = ^r{u)m,, (4.21) 

then substituting the known solutions for VL and into eq. ()3.10|) and using ()4.20p we can 
see that ()3.10|) is satisfied if the scalars are at an extremum -uq of K//, i.e. 

9.K//(^o,g1 =0. (4.22) 

With the help of (j^T^ . eq. pi^ now takes the form: 

aVl - «^ = ^^^•^^^(^O' ^^^^i = ^ ^e//(^o, , (4.23) 
Using (jUISD, we get 

V'j2 + (v;//(t?0,g1)' svr 



/j^ + (l^e//(^0,g))^ . „ 

Stt 



^-2, ^ 1 (j^ + (K//(.-o,g-))Osin^^ ^^^^^ 

47r (1 + cos2 ^)V'J2 + {Veff{u,, q)f + V;//(mo, q) sin^ ^ ' 



(ci - hAe)) = f Huo)qi — ^ , (4.26) 



Eq. ()3.45j) now gives the black hole entropy to be 



Sbh = 2n^J^ + (K//(mo, q)y . (4.27) 

We shall now illustrate the results using explicit examples of extremal Kerr black hole 
and extremal Kerr-Newman black hole. 
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4.1 Extremal Kerr Black Hole in Einstein Gravity 

We consider ordinary Einstein gravity in four dimensions with action 

S = J d^x^-detgC, C = R. (4.28) 

In this case since there are no matter fields we have 14// (-uq, g) = 0. Let us for definiteness 
consider the case where J > 0. It then follows from the general results derived earlier 
that 

« = 1, a = , (4.29) 
ovr 

Q= — sine, e-2^ = ^^^^^, (4.30) 

Stt ' 47rl + cos2e' ^ ^ 

and 

^BH = 27rJ. (4.31) 

Thus determines the near horizon geometry and the entropy of an extremal Kerr black 
hole and agrees with the results of [15] . 

4.2 Extremal Kerr-Newman Black Hole in Einstein-Maxwell The- 
ory 

Here we consider Einstein gravity in four dimensions coupled to a single Maxwell field: 



S = j d'^x^- deigC, C = R- -F^^F'"' . (4.32) 
In this case we have fii = \. Hence /^^ = 4 and 

Vef0o,q) = ^. (4.33) 

Thus we have 



a = —j^^^=^^^= , a = . (4.34) 

V J2 + (gVSvr)' 

n = asm 9, e-'^ = ^"'^^'^ ^ , (4.35) 

l + cos2e + g2sin2e/ (SnJj^ + iqySnY 



and 



= 27rV + (gV87r)^ (4.36) 
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The near horizon geometry given in ()4.34|) . ()4.35|) agrees with the resuhs of [15] . 

Comparing ()4.24|1 - ()4.27|1 with ()4.34|l - ()4.3f)j) we see that the results for the general case 
of constant scalar field background is obtained from the results for extremal Kerr-Newman 
black hole carrying electric charge q via the replacement of q by ge// where 

Qeff = ^j8TTVeffiUo,q}. (4.37) 

5 Examples of Attractor Behaviour in Full Black Hole 
Solutions 

The set of equations ()3.8|) - ()3.13|) and ()3.2H) are difficult to solve explicitly in the general 
case. However there are many known examples of rotating extremal black hole solutions 
in a variety of two derivative theories of gravity. In this section we shall examine the near 
horizon geometry of these solutions and check that they obey the consequences of the 
generalized attractor mechanism discussed in sections |21 and 01 

5.1 Rotating Kaluza-Klein Black Holes 

In this section we consider the four dimensional theory obtained by dimensional reduction 
of the five dimensional pure gravity theory on a circle. The relevant four dimensional fields 
include the metric Qf^^, a scalar field $ associated with the radius of the fifth dimension 
and a U(l) gauge field A^. The lagrangian density is given by 

C = R- 2g'^''d^<!>d,<!> - e''^'" g^^" g"'' F^^F^^ . (5.1) 

Identifying $ as $1 and as A^^^ and comparing ()3.2j) and ()5.1|) we see that we have in 
this example 

/in = 2, /n = e2-^*. (5.2) 

Suppose we have an extremal rotating black hole solution in this theory with near 
horizon geometry of the form given in ()3.3|) . Let us define r = lntan(^/2) as in ()3.27|) . 
denote by ■ derivative with respect to r and define 

X{9) = e - ab{e) . (5.3) 

Using (j3.24j) and (j3.25|) we can now express appropriate linear combinations of eqs. (|3.9|) 
- j^TT^i and ^rn^ as 

2 

^i, = ^e-^^ + (5.4) 
4a^ 
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$ + v/3e2v^* {e-'^^a-^^ - a~^e^^x^} = (5.5) 
^2^-2g2^*-2^^ + (e2^*+2^x) " = . (5.6) 

- + 2a2V;2 + ^a'e"^^ + 2a^^^ + 2 {e^^^^-^^x' + a'a-^e^^^^+^^x'} = • (5.7) 

Refs.^HlESlEDl explicitly constructed rotating charged black hole solutions in this theory. 
Later we shall analyze the near horizon geometry of these black holes in extremal limit 
and verify that they satisfy eqs. (j5.4j) - (j5.7p . 

Next we note that the lagrangian density ()5.ip has a scaling symmetry: 

$ ^ $ + A, F^,^ e-^^F,, . (5.8) 

Since the magnetic and electric charges p and q are proportional to Fg^ and dC/dFrt 
respectively, we see that under the transformation ()5.8|) . q and p transforms to e^'^q 
and e^^^p respectively. Thus if we want to keep the electric and the magnetic charges 
fixed, we need to make a compensating transformation of the parameters labelling the 
electric and magnetic charges of the solution. This shows that we can generate a one 
parameter family of solutions carrying fixed electric and magnetic charges by using the 
transformation : 

$^$ + A, F^. -^e-^^F^,, Q^e-^^Q, P^e^^P, (5.9) 

where Q and P are electric and magnetic charges labelling the original solution. This 
transformation will change the asymptotic value of the scalar field $ leaving the electric 
and magnetic charges fixed. Thus according to the general arguments given in section 
the entropy associated with the solution should not change under the deformation (j5.9p . 
On the other hand since (|5.8p is a symmetry of the theory, the entropy is also invariant 
under this transformation. Combining these two results we see that the entropy must be 
invariant under 

Q e-^^Q, P e^^P . (5.10) 

Furthermore if the entropy function has no fiat direction so that the near horizon geometry 
is fixed completely by extremizing the entropy function then the near horizon geometry, 
including the scalar field configuration, should be invariant under the transformation (j5.9p . 
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5.1.1 The black hole solution 



We now turn to the black hole solution described in SHI EOl- The metric associated 
with this solution is given by 



^ {dt - wd(t)f + ^^^dr' + JUf,d0' + 



fpfq 



A 



sm 



where 



P iP - 2Mk) (q - 2Mk) 



p + q 



pJ{p^-ml){q^-ml) aK 



2{P + q) 



M. 



K 



fq = r^ + alcos^9 + r{q-2MK) + - 



cos6 

q iP - 2Mk) {q - 2Mk) 



p + q 



q^{P^-AMl){q^-AMl) aK ^ 
H TTT nr- COS 



2{p + q) 



M, 



K 



W 

A 
A 



+ 4M|.)r -Mk{P- 2Mx)(g - 2Mk) aK . 



2(p + g)A 



sin^e 



K 



4 



- 2Mj^r + ai cos^ 6 . 



(5.11) 



(5.12) 



(5.13) 

(5.14) 

(5.15) 
(5.16) 



Mki clki P and q are four parameters labelling the solution. The solution for the dilaton 
is of the form 



exp(-4$/v^) 



fp 

fq 



(5.17) 



The dilaton has been asymptotically set to 0, but this can be changed using the transfor- 
mation ()5.9p . Finally, the gauge field is given by 



A, 



Q f P-2Mk\ , 1 aK 
r H + 



q3 (p2 _ 4^1^ 



2Mk\ 4 (p + g) 



cos 6' 



(5.18) 



A, 



P P 

cos 6 — = a|- sin^ 9 cos 9 



4v^ 



4x/^ 



o/o sm 9- 



P (g2 - 4M|-) 

~\3 



Mk\ A{p + q) 



ip + q){pr -Mk{P- 2Mk)) + q{p^ - 4M| 

(5.19) 
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where Q and P, labelling the electric and magnetic charges of the black hole, are given 

by, 

= (5.20) 

{p + q) 

= iJJl^^. (5.21) 

(p + i) 

The mass and angular momentum of the black hole can be expressed in terms of M^, ctx, 
p and q as follows:'' 

M = 4:71 (q + p) (5.22) 
5.1.2 Extremal limit: The ergo- free branch 



As first discussed in jlS], in this case the moduli space of extremal black holes consist 
of two branches. Let us first concentrate on one of these branches corresponding to the 
surface W in ^H]- We consider the limit: Mk, ^ with a^/Mx, q and p held finite. 
In this limit q, p and ax/Mx can be taken as the independent parameters labelling the 
solution. Then 20115. 2nj) become 

(5.24) 
(5.25) 



M ■ 


= 47r (g + p) 




= 4vr 

{q+p) 




= A. 

(q+p) 




{pqf^ _ ax 


Mk 


P + q Mk 



(5.26) 



J = 4vr^^^ = ^|Pg|. (5.27) 



For definiteness we shall take P and Q to be positive from now on. 
In this limit A, A, fp, fg, w and become 



A = A = (5.28) 



''In defining the mass and angular momentum we tiave taken into account the fact that we have 
Gn = l/167r. At present the normalization of the charges Q and P have been chosen arbitrarily, but 
later we shall relate them to the charges q and p introduced in sectional 
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2{p + q) V Mk 



fp = r2+pr + (l-^cos^) (5.29) 



w = —- ZTTT = 5.31 

2ip + q)MK r 8n r ^ ^ 



cos e + \f-' sin^ e (^) -1- HP + q)r + qp) ] (5.33) 



In order that the scalar field configuration is well defined everywhere outside the 
horizon, we need fp/ fg to be positive in this region. This gives 

aK<MK. (5.34) 

This in turn implies that the coefficient of gu-, being proportional to A./ ^ fpfq remains 
positive everywhere outside the horizon. Thus there is no ergo-sphere for this black hole. 
We call this branch of solutions the ergo-free branch. 

5.1.3 Necir horizon behaviour 

In our coordinate system the horizon is at r = 0. To find the near horizon geometry, we 
consider the limit 

r ^ sr, s'H s ^ . (5.35) 

Metric The near horizon behaviour of the metric is given by: 

ds^ = —(dt - -d4>f + vAd) [ — +de^ + sin' ed(t? (5.36) 

Vi[6) r \r'^ J 



with 



v,{e) = hm = ^ ^P^Q^ - J2 cos2 e, b^^sm'e. (5.37) 

By straightforward algebraic manipulation this metric can be rewritten as 



ds^ = {d(t> - ardt'f + v^{e) i-r'^de + ^ + dd^\ (5.38) 
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Figure 1: Radial evolution of the scalar field starting with different asymptotic values at 
three different values of 6. We take P = Q = 4:^/7i, J = IGtc/S for $00 = 0, and then 
change $00 and P, Q using the transformation ()5.9j) . 



with 



t' = t/a . 



57r 



a = — ^P^Q^ - J2 



a = -J/^P^Q^ - J2 . 
Gauge fields Near the horizon the gauge fields behave like 



I lu dx dec 

2 



where 



2ay/7C 



Q (l + /icos( 



-dr A dt' + 



40F 



Psin^- 



(5.39) 
(5.40) 

(5.41) 



1^1 + yUCOSI 



J 

PQ 



rdO A {d(f) - ardt') 
(5.42)^ 

(5.43) 



Scalar Field In the near horizon limit the scalar field becomes 



-4$/V3 







r=M 





py PQ- J cose 
QJ PQ + Jcose 



(5.44) 
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Figure 2: Scalar field profile at the horizon of the Kaluza-Klein black hole. We take 
P = Q = 4:y/7i, J = 167r/3 for $00 = 0, and then change $00 and P, Q using the 
transformation (j5.9|) . The figure shows that the scalar field profile at the horizon is 
independent of $00 • 

Entropy Finally the entropy associated with this solution is given by 

Sbh = 47r 1 d9d(P,/g^ig^ = Wrr^a = 2n^P^Q^ - . (5.45) 

We now see that the entropy is invariant under ()5.1()|1 and the near horizon back- 
ground, including the scalar field configuration given in ()5.44|) . is invariant under the 
transformation ()5.9|) .^ This shows that the near horizon field configuration is indepen- 
dent of the asymptotic value of the modulus field $. This can also be seen explicitly by 
studying the radial evolution of $ for various asymptotic values of $; numerical results 
for this evolution have been plotted in figffl Fig |21 shows the plot of $(6') vs. 6 at the 
horizon of the black hole. 

5.1.4 Entropy function analysis 

The analysis of section 15.1.31 shows that the near horizon field configuration is precisely 
of the form described in eq. ()3.3j) with 



^/^N ^ 9,;,rfl-i 87ra^sin^6' Ixfii a 1 

n(^) = a sin e'^^^'^^ = ^„ — , e - ab{e) 



^/P'Q' - P cos' 6 ' ' ' Q (l + /icos( 



^As described in eas. H5.48|l . H5.49|l . the charges 5, p are related to the parameters Q, P by some 
normalization factors. These factors do not affect the transformation laws of the charges given in (|5.9|l . 
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\Q) PQ+JcOSe' SttV^^ ' « ^p-2Q2 _ J2 ■ 

(5.46) 

We can easily verify that this configuration satisfies eqs. ()5.4j) - ()5.7|) obtained by extremizing 
the entropy function. 

Using eq. ()3.16p with values of hn and /n given in ()5.2p we get 

e = ^ [(e - a6(vr)) + (e - abm] = ^^^Jp^g. _ j. ' (5-47) 

and 

p= [(e - a6(7r)) - (e - a&(0))] = v^P • (5.48) 

a 

Eq. ()3.42|) now gives 



»7r 
9 = — 



4v/^g. (5.49) 



sin^^ 

J 

Finally the right hand side of eq. ()3.43|l evaluated for the background ()5.46|1 gives the 

answer J showing that we have correctly identified the parameter J as the angular mo- 
mentum carried by the black hole. 

5.1.5 The ergo-branch 

The extremal limit on this branch, corresponding to the surface S in |1H], amounts to 
taking 

aK = Mk (5.50) 
in the black hole solution. Thus we have the relations 

[p + q) [p + q) ^ ip + q) 

In order to take the near horizon limit of this solution we first let 

r ^r + MK (5.52) 

which shifts the horizon to r = 0. Near the horizon A, A and w become 

A = (5.53) 

A = -M^ sin^ e + 0{r^) (5.54) 

w = —Jqp{l + wr) + 0{r'^) (5.55) 
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Note that A changes from being positive at large distance to negative at the horizon. Thus 
Qtt changes sign as we go from the asymptotic region to the horizon and the solution has 
an ergo-sphere. We call this branch of solutions the ergo-branch. Using eqs. ()5.53|) - ()5.56p 
we can write the metric as 

ds' = (dt + ^P{1 + wr)d^y + + d9' - {^dA +... (5.57) 

where • ■ ■ denote terms which will eventually vanish in the near horizon limit that we are 
going to describe below. After letting 

(5.58) 

and taking the near horizon limit 

r^sr, t^s'H, s^O, (5.59) 

the metric becomes 

ds' = ^^^^^(v^rf0 - wrdtr + vm + de' - j^.dA (5.60) 
fi(t^) ^ \ Mf^qp ) 

where 



t;i(^) = lim^/,/,. (5.61) 

Finally rescaling 

t MkJ^ t (5.62) 



the metric becomes of the form given in ()3.3|) with 



n = MKJp'qsme, ^-2i, ^ MlPq^m^e ^ a = Mk w . (5.63) 



Using eqs. ()5.56j) and 1)5.511) we find that 



a= ^ = — JP - P^Q^ smO, 6^'" = - / . (5.64) 
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Figure 3: Radial evolution of the scalar field for an ergo-branch black hole starting with 
different asymptotic values at five different values of 9. We take P = Q = 1\fTi and 
J = 47rv^ for $00 = 0, and then change $00 and P, Q using the transformation ()5.9j) . 

The scalar field $ becomes in this limit 

e-^*/^ = ^ , (5.65) 

where /p and fq now refer to the functions /p and jq at the horizon: 

f ■ ^R^M P (P - 2Mx) (g - 2Mk) P^{P' - 4Mi) (g^ - 4Mi) 

/p = -M^sm 9 + MkP+^-^ , cos^ 

p + q 2 2[p + q) 

(5.66) 

f ■ ^ (p - 2Mk) {q - 2Mk) , gV(P^ - 4Mi) (g^ - 4Mi) 

/g = -M^sm e + MKq + ^—^ + — ^.^ , cos^. 

p + q 2 2[p + q) 

(5.67) 

The near horizon gauge field can also be calculated by a tedious but straightforward 
procedure after taking into account the change in coordinates described above. The final 
result is of the form given in (j3.3p with 

e — abw) = ^ „ \ - -Q sm + P \ - cos . 

^^iq \2q VP / 

This gives 

e = i [(e - .K-)) + (e - aMO))l = - j^=-^£=^ , 



(5.6^ 



(5.69) 
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Figure 4: Scalar field profile at the horizon for a black hole on the ergo-branch for different 
asymptotic values of We take P = Q = 2y/7i and J = 47r\/2 for $00 = 0, and then 
change $00 and P, Q using the transformation ()5.9j) . Clearly the scalar field profile at 
the horizon depends on its asymptotic value. 

p = -— \{e - ab{7T)) - (e - ab{0))] = v^P , (5.70) 
a 

and 



Q = — 

a 



4v/^Q. (5.71) 



sin^ 



Finally, the entropy associated with this solution can be easily calculated by computing 
the area of the horizon, and is given by 



SbH = 2tT ^ J2 _ p2Q2 (5 72) 

We have explicitly checked that the near horizon ergo-branch field configurations described 
above satisfy the differential equations ()5.4|l - ()5.7j) . 

The entropy is clearly invariant under the transformation ()5.10|1 . However in this 
case the near horizon background is not invariant under the transformation ()5.9|) . One 
way to see this is to note that under the transformation ()5.10|) the combination M^pq = 
(J^ — P^Q^)/647r^ remains invariant. This shows that Mk cannot remain invariant under 
this transformation, since if had been invariant then pq would be invariant, and the 
invariance of J given in ()5.51|) would imply that p + q is also invariant. This in turn 
would mean that Mk, p and q are all invariant under ()5.1()j) and hence P and Q would 
be invariant which is clearly a contradiction. Given the fact that Mk is not invariant 
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under this transformation we see that the coefficient of the sin^ 6 term in fp and fq are 
not invariant under This in turn shows that ip, and hence the background metric, 

is not invariant under the transformation ()5.9|1 . This is also seen from figures El and lU 
where we have shown respectively the radial evolution of the scalar field and the scalar 
field profile at the horizon for different asymptotic values of Nevertheless several 
components of the near horizon background, e.g. VL{9) and the parameters a and e do 
remain invariant under this transformation, indicating that at least these components do 
get attracted towards fixed values as we approach the horizon. 

5.2 Black Holes in Toroidally Compactified Heterotic String 
Theory 

The theory under consideration is a four dimensional theory of gravity coupled to a 
complex scalar S = Si + iS2, a 4x4 matrix valued scalar field M satisfying the constraint 

MLM^ = L, ^= (j^ ) , (5.73) 

and four U(l) gauge fields A^^^ (1 < < 4).^ Here I2 denotes 2x2 identity matrix. The 
bosonic part of the lagrangian density is 

C = R-]^g^''S:^^d^Sd,S + ^g^''Tr{d,MLd,ML) 

-\ S29''9'"'Fl^^ [LML),,F%) + \ S,g^^ g^'^ Fj^} U,F%) , (5.74) 

where 

= i [^^d^gy^e^""" . (5.75) 

General rotating black solution in this theory, carrying electric charge vector q and mag- 
netic charge vector p, has been constructed in [ST] . Before we begin analyzing the solution, 
we would like to note that the lagrangian density ()5.74|) is invariant under an SO(2,2) 
rotation: 

M^fiMfi^, (5.76) 
where f2 is a 4x4 matrix satisfying 

Vtm^ = L . (5.77) 

^Actual heterotic string theory has 28 gauge fields and a 28x28 matrix valued scalar field, but the 
truncated theory discussed here contains all the non-trivial information about the theory. 



36 



Thus given a classical solution, we can generate a class of classical solutions using this 
transformation. Since the magnetic and electric charges pi and qi are proportional to 
and dC/dFrl^ respectively, we see that under the transformation ()5.76|1 . pi —>■ Qijpj, 
qi (n^)^j^qj. Thus if we want the new solution to have the same electric and magnetic 
charges, we must make compensating transformation in the parameters labelling the elec- 
tric and magnetic charges. This shows that we can generate a family of solutions carrying 
the same electric and magnetic charges by making the transformation: 

M^nnn^, Fj^^n^^Fi^, q.^^Iq^, p^-^n.^^p,, (s.rs) 

— * — * 

where Q and P are the parameters which label electric and magnetic charges in the 
original solution. This transformation changes the asymptotic value of M leaving the 
charges unchanged. Thus the general argument of section |21 will imply that the entropy 
must remain invariant under such a transformation. Invariance of the entropy under the 
transformation ()5.7fi|l , which is a symmetry of the theory, will then imply that the entropy 
must be invariant under 

Qi^^lQ,, P,^Q-^P,. (5.79) 

On the other hand if there is a unique background for a given set of charges then the 
background itself must be invariant under the transformation ()5.78j) . 

The equations of motion derived from the lagrangian density fj5.74|) is also invariant 
under the electric magnetic duality transformation: 

^ ^ ' ^ ("^1 + + c52(ML),,F(i) , (5.80) 

where a, b, c, d are real numbers satisfying ad — be = 1. We can use this transformation 
to generate a family of black hole solutions from a given solution. From the definition of 
electric and magnetic charges it follows that under this transformation the electric and 
magnetic charge vectors q, p transform as: 

q-^{aq — bLp), p^{—cLq + dp). (5.81) 

Thus if we want the new solution to have the same charges as the old solution we must 
perform compensating transformation on the electric and magnetic charge parameters Q 
and P. We can get a family of solutions with the same electric and magnetic charges but 
different asymptotic values of the scalar field S by the transformation: 

^^^1^, F«^(c5i+rf)F« + c^2(ML),,F(i), Q-.dQ+bLP, P^cLQ+aP. 

(5.82) 
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Arguments similar to the one given for the 0(2,2) transformation shows that the entropy 
must remain invariant under the transformation 



Q ^dQ + bLP, P cLQ + aP . 



(5.83) 



Furthermore if the entropy function has a unique extremum then the near horizon field 
configuration must also remain invariant under the transformation ()5.82|) . 

5.2.1 The black hole solution 

Ref. ISI] constructed rotating black hole solutions in this theory carrying the following 
charges: 



Q 



( ° ^ 






Q2 


p = 














\ / 



(5.84) 



These black holes break all the supersymmetries of the theory. In order to describe the 
solution we parametrize the matrix valued scalar field M as 

-G-^B 



M 



\BG-^ 



G-BG-^B 



(5.85) 



where G and B are 2x2 matrices of the form 

Physically G and B represent components of the string metric and the anti-symmetric 
tensor field along an internal two dimensional torus. The solution is given by 

(r + 2msinh^54)(r + 2msinh^52) + I'^cos^O 



Gn 
G12 
G22 
B12 
Im S 



(r + 2msinh^53)(r + 2msinh^52) + 

2m/cos6'(sinh53Cosh54sinh5icosh52 — cosh53sinh54Cosh5isinh(52) 
(r + 2msinh^53)(r + 2msinh^52) + Pcos^O ' 
(r + 2msinh^53)(r + 2msinh^(5i) + 

(r + 2msinh^(53)(r + 2msinh^(52) + 
2m/cos^(sinh(53Cosh(54Cosh5isinh(52 — cosh(53sinh(54sinh5icosh(52) 

(r + 2msinh^53)(r + 2msinh^52) + 



At 



(r + 2msinh 6s){r + 2msinh ^4) + Pcos^O ' 



A5| 



2mr + Pcos^O 



dr^ 
— 2mr + P 



de' 



A 



{(r + 2msinh^53) 
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X (r + 2msinh^54)(r + 2msinh^5i)(r + 2msinh^52) + + cos^6')r^ + W 

+ 2m/^rsin^^}(i0^ ^{(cosh53Cosh(54CosMicosh52 

— sinh(53sinh54sinh(5isinh(52)r + 2msinh(53sinh(54sinh5isinh52}sin^^ 



(5.87) 



where 



A = (r + 2msmh^53)(r + 2msmh^54)(r + 2msinh^(5i)(r + 2msinh^(52) 

+ {2fr^ + W)cos^e, 

W = 2m/^(sinh^(53 + sinh^54 + sinh^(5i + sinh^(52)r 

+ Am'^l'^ (2cosh53COsh54COsh5iCOsh52sinh53sinh(54sinh(5isinh(52 

— 2sinh^53sinh^54sinh^5isinh^52 — sinh^54sinh^5isinh^52 

— sinh^(53sinh^(5isinh^(52 — sinh^(53sinh^(54sinh^(52 — sinh^53sinh^54sinh^5i) 

+ l^cos^e. (5.88) 

a, m, 5i, ^2, and 5^ are parameters labelling the solution. Ref. [HI] did not explicitly 
present the results for Re S and the gauge fields. 

The ADM mass M, electric and magnetic charges {Qj, Pj}, and the angular momentum 
J are given by:^° 

M = 87rm(cosh^(5i + cosh^(52 + cosh^53 + cosh^54) — IGnm, 

Q2 = 4v^27rm cosh5isinh5i, Q4 = 4v^27rm cosh52sinh52, 

Pi = 4A/27rm cosh53sinh(53, P3 = 4v^27rm cosh54sinh(54, 

J = — IGvr /m(cosh5iCOsh(52COsh(53COsh(54 — sinh(5isinh52sinh53sinh54). (5.89) 

The entropy associated with this solution was computed in jHI] to be 



4 



Sbh = 327r 



,2/ 



m"! cosh 5i + J]^ sinh Si) + mV m? — /^(]^ cosh 5i — J]^ sinh 5i) . (5.90) 

i=l i=l 1=1 i=l 



As in the case of Kaluza-Klein black hole this solution also has two different kinds 

of extremal limit which we shall denote by ergo-branch and ergo-free branch. The ergo- 

branch was discussed in 

^'-'In defining M and J we have taken into account our convention Gm — IGtt, and also the fact that 
our definition of the angular momentum differs from the standard one by a minus sign. Normalizations 
of Q and P are arbitrary at this stage. 



39 



5.2.2 The ergo-branch 

The extremal limit corresponding to the ergo-branch is obtained by taking the limit 
/ — >■ m. In this limit the second term in the expression for the entropy vanishes and the 
first term gives 



Sbh = 271 ^ J2 + Q2Q4P1P3 . (5.91) 

Now the most general transformation of the form ()5.79j) which does not take the charges 
given in ()5.84|) outside this family is: 



fe^ \ 



e-^ 

V e-^ y 



(5.92) 



for real parameters 7, (3. This gives 

Pi^e-^Pi, Pa^e^Pa, ^2 - e^Qs, Qa-^c'^Q,. (5.93) 

On the other hand most general transformation of the type ()5.83|) which keeps the charge 
vector within the same family is 



a b\ _ f a 
c dj ^ [0 a-^ 



(5.94) 



This gives 

Pi ^ a Pi, Ps^aPg, Q2^a-^Q2, Q^^a-^Q^. (5.95) 
It is easy to see that the entropy given in 1)5.911) does not change under the transformations 

dsssD, (lEnni)." 

After some tedious manipulations along the lines described in section I5.1.5| the near 
horizon metric can be brought into the form given in eq. ()3.3|) with 

^ = ^ J-P + Q2QaPiPz sin^, e-^^ = -1^ ( + Q,Q,p,p,) sin^ 6 A''/' , 

Sit * bAiT^ 

a = , „ , (5.96) 

^■P + Q2QAP1P3 ^ ' 

where A has to be evaluated on the horizon r = m. We have found that the near horizon 
metric and the scalar fields are not invariant under the corresponding transformations 



^^As in (|5.48|l . (|5.49(l . the parameters P, Q are related to the charges p, qhy some overall normalization 
factors. These factors do not affect the transformation laws of the charges given in l|5.93)l . (|5.95(l . 
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()5.78|) and ()5.82|) generated by the matrices ()5.92|) and ()5.94p respectively, essentially due 
to the fact that A is not invariant under these transformations. This shows that in this 
case for a fixed set of charges the entropy function has a family of extrema. 



5.2.3 The ergo-free branch 



The extremal limit in the ergo- free branch is obtained by taking one or three of the 5j's 
negative, and then taking the limit \6i\ ^ oo, m^O, / ^Oina way that keeps the Qi, 
Pi and J finite. It is easy to see that in this limit the first term in the expression ()5.9()j) 
for the entropy vanishes and the second term gives^^ 



SBH = 2nJ-.P-Q2Q,PlP3. 



(5.97) 



Again we see that Sbh is invariant under the transformations ()5.93|) . ()5.95|1 . 

On the ergo-free branch the horizon is at r = 0. The near horizon background can be 
computed easily from ()5.87j) following the approach described in section IK. 1. HI and has the 
following form after appropriate rescaling of the time coordinate: 



1 / / r/r^ 

^ - cos2 e -r^e + — + de^ 



1 

+— 



-Q2Q4P1P3 - 



sin^ 9 (d(f) — ardtY , 



Gil 
where 



Pi 



G 



12 



ImS 



J cos 9 
P1Q2 



Q2Q4 



\ P1P3 



■P cos^ 9 



Q2 



Q4 



G 



22 



Q2 



Q4 



B 



12 



J cos 9 
P1Q4 



a 



-JN-Q2Q4P1P3-J'' 



(5.98) 

(5.99) 
(5.100) 

(5.101) 



It is easy to see that the background is invariant under ()5.78|1 and ()5.82|1 for transformation 
matrices of the form described in ()5.92|) and ()5.94|) . 

^^Note that the product Q2Q4P1P3 is negative due to the fact that an odd number of Si's are negative. 
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5.2.4 Duality invariant form of the entropy 



In the theory described here a combination of the charges that is invariant under both 
transformations (|5.79|) and (|5.83|) is 

D = {QiQs + Q2Q4){PiP3 + P2P4) - \{QiPi + Q2P2 + Q3P3 + Q^Pa? ■ (5.102) 

Thus we expect the entropy to depend on the charges through this combination. Now for 
the charge vectors given in ()5.84j) we have 



D = Q2QaPiP3- 



(5.103) 



Using this result we can express the entropy formula ()5.91|) in the ergo-branch in the 
duality invariant form|51j: 

Sbh = 271 VJ^ + D . (5. 104) 

On the other hand the formula ()5.97|) on the ergo-free branch may be expressed as 

(5.105) 



S 



BH 



2ti^~.P-D. 



We now note that the Kaluza-Klein black hole described in section ()5.H) also falls into 
the general class of black holes discussed in this section with charges: 



Q = V2 



Thus in this case 



(Q\ 



voy 

D 






voy 



(5.106) 



(5.107) 



We can now recognize the entropy formulae ()5.45|) and ()5.72|) as special cases of fl5.105|) 
and ()5.1()4j) respectively. 

Finally we can try to write down the near horizon metric on the ergo-free branch in 
a form that holds for the black hole solutions analyzed in this as well as in the previous 
subsection and which makes manifest the invariance of the background under arbitrary 
transformations of the form described in ()5.78|1 . ()5.82j) . This is of the form: 



dr"^ 



— V-D - .P cos^e -r'^dt^ + ^ + de'' 



1 



D-P 



Itx ^-D - P cos2 e 
42 



sm 



[dcp — ardty 



(5.108) 



where 

a = , ^ (5.109) 



fl5.38|) and ()5.98p are special cases of this equation. 
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